
Math 4550-Homomorphisms



The way we compare two groups is with

a function that respects their group properties

-

Let: Let G
,

and G2 be groups.

A function 4 : G
,
-G2 is called a

homomorphism if

-(ab)= y(a)4(b)

for all a
,

bEG ,
G2

& q(a)
Gi A-

&

O

p(b)
b-g&+9 calac

-

Note: If G
,

and Ge have operations *, and 2

respectively than the equation above is

q(ax ,
b) = (a) +-4(b)

but we just write

y(ab) = p(a)q(b)
for simpliciti-



The Kernel of G is

ker(q) = Ex( G
, (4(x) = 22]

where ea is the identify of G2
.

G2

-> 22·g
The image ofo is

in(q)
=(q(x)(x = G

,]

"Di
If 9 : G

,
+ G is a

homomorphism that is one-to-one

and onto then we call of an
-

-

and say that G
,

and on
aremorphisms

and write G
,

EG2.



Ex: 4 :-2

q(x) = 2x

2
&

-I

- 10·· 3

W
-

Let's show that a is a homomorphism.

Given X , Ye * we have that

y(x + y) = 2(x + y) = 2x + 2y = q(x) + q(y) .

Thus , o is a homomorphism.
-

Note that

ker(q) = 50

and



im() = Eq(x)(x2]
= (2x(x = 2]
= 22

-

Later we will see that a
homomorphism

ift ker(q) = Sein

9 : 6 ,
+G2 is one-to-one

Here 4 : +2 and Ker(a) = Eo3.

Thus, & is one-to-one.

-
Recall that & is onto iff incel =2.

Here im (9) = 22 + 2 .

as, is not onto

Summarizing the above,

9 : -2 given by g(x) = 2 x

is a
homomorphism.

her(q) = 503 and im (g) = 22.

a is one-to-one
but not onto .

So,
o

is not an isomorphism.



Ex: Consider the two groups &3 and Us
.

F
Do you see how these tables are the same

under the correspondence
27 9

:z 1 Tes

[
identity the elements
elements

essentially the same.

are
The groups

called different things
and the

are just
arc different.

an
isomorphism .

operations
describe this

with

We can

U3
Let 9

: En -Wa be given by

23
-

q(j) = 1
-SG

&

jq(i)
= 3

2
-

2

q(z) = 3
ker(al = Gol im(q) = U3



g is 1-1 andonto.

homomorphism ?
Why isa a

we need to check that

q(x + y) = q(x)q(y)
↑ ↑

operation operation& iin 23

for all X
,
EE3.

But the tables show this !

For example,

q(i + z) = p(5) = p(j) = 1

g(i)y(z) = 9 . 9 = 1

F
Orinsteadofseeis thatenter



homomorphism you can do all

9 checks :

q(5 + 5) = q(5) = 1 = 1 - 1 = y()g()

Y(5 + T) = q(i) = 3 = 1 . ) = q(5)q(T)

3(5 + 2) = y(z) = 3) = 1 . 92 = 3(0)4(z)

3(i +5) = y(i) = y = 3 . ) = g(i)e(0)

3(T+ i) = y(z) = y = 3 . 9 = g(i)y(i)
(E) [

g(i + 2) = g(0) = ) = 3 . 82 = y(i)9 T
4(2 +5) = q(z) = 3)=

? ) = q(z)p(5)

g(2 +i) = y(0) = 1 = 93 =
q(z)p(T)

3(5 +z) = y(i) = y = ye =

e()g()

Thus,
of is an isomorphism and

Uz .



Theem : Let p : G
,
+ G be a homomorphism.

Let e ,
and ez be the identity elements

of G ,
and G2 , respectively.

Then :

① p(e ,
) = e

② If xEG,,
then q(x) = (3(x1]

③ If XEG and REZ
,

then 3(xk) = (q(x)

① ker(d) G
,

⑤ im(9)[Gz
ift mer(g) = Se,?

⑥ & is one-to-one

⑦ a is on to iff in(e) = G2.

roof:
ahomomorphism

① We have that
&

q(e ,
) = p(e ,

e
, ) = q(e , )y(ei)

Thus ,

ple
"

ple ,
) = y(e)"q(e,

)y(2)

So ,
ez = q(e , ) .

-



② we have word
q(x

-

)q(x) = q(x x) = q(e , ) = e

~3(x") = (3(x))
+

③ If R = 0
,

then a
q(xk) = q(xi = q(e , ) = en = [p(x) = ((x,]m

If R30, then

3(xk) = 3)x) =(xg(x) - --(x = Can
DismLa is a homomorp

- 1

and

q(xh) = q)(xk) - ) = (q(xk))"= G(x)y(x) .
- - a(x)]

Ea
= q(x)y(x)--- p(x)"

= (g(x)]
- k

Recallthat mer(e) = EX(G , 19(x) = en]
G2

(i) By part & we know & (eiten .DiThus ,
e

,
Eker(a)

Jes Suppose x
, yeker(a) .

Then p(x) = e
,

and P(y) = e2 .

So
,

XyEker(a)
·Thus

, g(xy) = g(x)p(y) = exe = e



(i) Suppose zeker(a) .

Then q(z) = e .

Mrs
. G(z" = G(zD" eien"tr

So
, zEker(al .

g(i) Since e
, EG ,

and ec = p(e ,

we know extim(a)

(i) Let a
,
beimcel .

OThen there exist X

X
,y - G

,
where

6
,

Y:
e(x) = a and XY

---ab

q(y) = b
.

Then ,
ab = q(x(g(y) = g(xy)

Since XyEG , we get

that ab e in(4) .



(ii) Let ceim(9). G,

Then there exists

ZEG ,
where

q(z) = c ⑧
Then,

c= G(z) ge

and z-EG,

Thus
,
c"t in(e) .

(i),
(ii)

, (ii) we have that in (411 G

⑥
()) Suppose o is one-to-one.

Let's show that ker(q) = Se , 3

We know from part O that e ,
Ekercal since plates.

Suppose Xeker(a) .

Then q(x) = ez = e(e ,)

with P(x) = p(a) .

But a is one-to-one

This implies x = e ,

Thus,
Ker(g) = Se , 3

(8) Suppose Kercal = Ee]

Lets show that a is one-to-one.

Suppose q(x) = 3(y) where X
, YEG,



Then 9(x)[9(y1]"=ly)

So
,

y(x)y(y) = es

Thus
,

&(xy") = e

Thus ,
xy"Eker(el.

So
, xy" = e ,

because ker(q) = Se ,
3.

Thus ,
Xy"y = e , y.

So
,

X = y

Thus o
is one-to-one.

-

⑦ is into iff in (9) = G2
.

This is the definition of onto.

-

#
-


